The generalized k-connectivity κ k (G) of a graph G was introduced by Hager in 1985. As a natural counterpart of this concept, Li et al. in 2011 introduced the concept of generalized k-edge-connectivity which is defined as λ k (G) = min{λ(S) : S ⊆ V (G) and |S| = k}, where λ(S) denote the maximum number ℓ of pairwise edge-disjoint trees T 1 , T 2 , . . . , T ℓ in G such that S ⊆ V (T i ) for 1 ≤ i ≤ ℓ. In this paper, we study the generalized edgeconnectivity of product graphs and obtain sharp upper bounds for the generalized 3-edge-connectivity of Cartesian product graphs and strong product graphs. Among our results, some special cases are also discussed.
Introduction
We refer to book [1] for graph theoretical notation and terminology not described here. For a graph G, let V (G), E(G) be the set of vertices, the set of edges of G, respectively. For X ⊆ V (G), we denote by G \ X the subgraph obtained by deleting from G the vertices of X together with the edges incident with them. For a set S, we use |S| to denote its size. We use P n , C m and K ℓ to denote a path of order n, a cycle of order m and a complete graph of order ℓ, respectively.
Connectivity is one of the most basic concepts in graph theory, both in combinatorial sense and in algorithmic sense. The connectivity of G, written κ(G), is the minimum size of a vertex set X ⊆ V (G) such that G \ X is disconnected or has only one vertex. This definition is called the cut-version definition Hence, λ 2 (G) = λ(G) is the usual edge-connectivity, and λ k (G) = 0 when G is disconnected. Clearly, we have κ k (G) ≤ λ k (G). The generalized connectivity and edge-connectivity are also called tree connectivities in the literature. There are many results on this type of generalized connectivity, see ([3, 5, 9, 10, 12-16, 22-25, 29, 30] . The reader is also referred to a recent survey [11] on the state-of-the-art of research on tree connectivity and its applications.
Products of graphs occur naturally in discrete mathematics as tools in combinatorial constructions, they give rise to important classes of graphs and deep structural problems. Many researchers have investigated the topic of graph products in the past several decades, such as [6, 7, 8, 17, 20, 21, 31, 32] .
The Cartesian product of two graphs G and H, denoted by G H, is defined to have the vertex set V (G) × V (H) such that (u, u ′ ) and (v, v ′ ) are adjacent if and only if either u = v and u ′ v ′ ∈ E(H), or u ′ = v ′ and uv ∈ E(G). The strong product of G and H is the graph G⊠H whose vertex set is V (G)×V (H) and whose edge set is the set of all pairs (u, u ′ )(v, v ′ ) such that either u = v and u ′ v ′ ∈ E(H), or u ′ = v ′ and uv ∈ E(G), or uv ∈ E(G) and u ′ v ′ ∈ E(H). Clearly, both of these two products are commutative, that is, G H = H G and G ⊠ H = H ⊠ G. By definition, we also know that the graph G H is a spanning subgraph of the graph G ⊠ H for any two graphs G and H. The lexicographic product of two graphs G and H, written as G • H, is defined as follows: 
For the Cartesian product graphs, the exact formula of κ(G H) was obtained.
Theorem 1 [17, 21] . Let G and H be graphs on at least two vertices. Then
This theorem was first stated by Liouville [17] . However, the proof never appeared. In the meantime, several partial results were obtained untilŠpacapan [21] provided the proof. Theorem 1 in particular implies the following result of Sabidussi [20] .
Theorem 2 [20] . Let G and H be connected graphs. Then
Li, Li and Sun [10] investigated the generalized 3-connectivity of the Cartesian product graphs and obtain the following result which can be seen as an extension of Theorem 2.
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Theorem 3 [10] . Let G and H be connected graphs such that
Moreover, the bound is sharp.
Li and Mao derived a sharp upper bound for κ 3 (G H).
Theorem 4 [13] . Let G and H be two connected graphs. Then
, where r 1 ≡ κ(G) (mod 4) and r 2 ≡ κ(H) (mod 4). Moreover, the bound is sharp.
In [23] , we obtained the following result for the generalized 3-edge-connectivity of Cartesian product graph.
Theorem 5 [23] . If G and H are connected graphs, then
For the strong product graphs, with a similar but more complicated argument, we obtained the following result for the generalized 3-edge-connectivity of the strong product graphs.
Theorem 6 [27] . If G and H are two connected graphs, then λ 3 (G ⊠ H) ≥ min{2λ 3 (G) + λ 3 (H), λ 3 (G) + 2λ 3 (H)}. Moreover, the bound is sharp.
For the lexicographic product graphs, Li and Mao obtained the following bounds for κ 3 (G • H).
Theorem 7 [13] . Let G and H be two connected graphs. If G is non-trivial and non-complete, then κ 3 (G • H) ≤ |V (H)|, where r ≡ κ(G) (mod 4). Moreover, the bound is sharp. Theorem 8 [13] . Let G and H be two connected graphs. Then κ 3 (G • H) ≥ κ 3 (G)|V (H)|. Moreover, the bound is sharp.
Li, Yue, and Zhao studied λ 3 (G • H) and provided both sharp lower and upper bounds.
Theorem 9 [16] . Let G and H be two non-trivial graphs such that G is connected.
Moreover, both bounds are sharp.
In this paper, we continue the research on tree connectivities of product graphs and obtain sharp upper bounds for the generalized 3-edge-connectivity of Cartesian product graphs and strong product graphs (Theorems 14 and 16). In Section 4, we also discuss some special graph classes (Propositions 17, 18 and 19).
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Cartesian Product Graphs
The following result shows that λ k (G) is monotonically decreasing with k for any connected graph G.
Lemma 10 [14] . Let G be a connected graph of order n. Then λ k (G) ≤ λ k−1 (G) for every integer k with 3 ≤ k ≤ n.
Li, Mao and Sun obtained a sharp lower bound for λ 3 (G).
Theorem 11 [15] . Let G be a connected graph having order n and edge-connectivity λ(G) = 4s + r, where s and r are integers with s ≥ 0 and 0 ≤ r ≤ 3. Then λ 3 (G) ≥ 3s + ⌈ r 2 ⌉ and the bound is sharp. In particular,
.
In [31] , an exact formula for λ(G H) was derived.
Theorem 12 [31] . Let G and H be two graphs with at least two vertices. Then
The following result deals with the Cartesian products of connected graphs with minimum degree 1 as well as some special graph classes.
Proposition 13 [24] . Let G be a connected graph with δ(G) = 1 and order n ≥ 3. |V (G)|, δ(G)+ δ(H) , where r 1 ≡ λ(G) (mod 4) and r 2 ≡ λ(H) (mod 4). Moreover, the bound is sharp.
Proof. By Theorem 11, if λ(G)
2 ⌉, where r 1 ∈ {0, 1, 2, 3}, and so
where r 1 ≡ λ(G) (mod 4). Hence,
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Similarly, for a connected graph H, we have
where r 2 ≡ λ(H) (mod 4). Furthermore, by Lemma 10 and Theorem 12, we have
where λ 0 = min |V (H)|,
For the sharpness of this bound, we consider two connected graphs G and H with δ(G) = δ(H) = 1 and orders at least 3. Clearly, 
In this case, we therefore have
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Strong Product Graphs
In [32] , Yang and Xu obtained the exact formula for λ(G ⊠ H). Applying an argument similar to that of Theorem 14 for strong product graphs, we have the following result.
Theorem 16. Let G and H be two connected graphs. Then λ(G ⊠ H) ≤ min 
